We study the modelling and flutter suppression of a suspended-span bridge section using aerodynamic control means. The aerodynamic actuators are controllable leading-and trailing-edge flaps fitted to both edges of the bridge deck. The modelling is based on thin aerofoil theory which describes the bridge deck -air stream interactions. The model also consider the mass and inertia effects of the flaps. Passive mechanical controllers are proposed that sense the vertical velocity of the leading-and trailing-edge flap pivots and use these signals to produce control torques and adjust the flap angles accordingly. The control system is insensitive to the wind direction in the case of identical leading-and trailing-edge mechanical controllers. The Akashi-Kaikyo bridge is used as a working example for the numerical simulation evaluation of the control system performance.
INTRODUCTION
Long-span bridges can be susceptible to wind excitation due to their low structural damping and inherent flexibility in combination with aerodynamically inappropriate bridge deck profiles. The Tacoma Narrows bridge disaster was caused by wind induced oscillations called flutter Billah and Scanlan [1991] . In order to satisfy the requirement for increasingly long bridge spans a combination of cautionary steps are taken against possible flutter instabilities including: modifications to the deck's aerodynamic design, modifications to the suspension system to adjust beneficially the bridge's critical structural mode shapes and modal frequencies and the introduction of controllable aerodynamic surfaces e.g. flaps Astiz [1998] . In the case of very long-span bridges, purely structural solutions lead to impractically deep deck sections with high associated weights and/or costs. In this paper we describe research into the suppression of wind-induced oscillations in long-span suspension bridges using aerodynamic (feedback) control that exploits flaps fitted to both the trailing and leading edges of the bridge deck; see Fig. 1 . The control purpose is to increase the critical flutter speed. If successful, this technology will help permit the construction of bridges with significantly longer spans.
The literature in this area can be classified to be four broad categories. Active controllers, such as those based on linear optimal control and H ∞ Hansen and ThoftChristensen [2001] , face severe reliability questions, because they are relatively complicated and will require a power supply and probably also a computer system. Bad weather situations may well result simultaneously in high winds and power supply failures. Adaptive controllers, such as variable gain output feedback controllers Wilde and Fujino [1996] , face the same set of difficulties. Fixedphase controllers, such as those described in del Arco and Aparicio [1999] , are not physically realizable. Realizable systems that introduce frequency-dependent phase compensation may operate satisfactorily, but this has not thus far been established. Passive pure-gain controllers Omenzetter et al. [2000a,b] are in principle easy to implement, but these systems forego the advantages that might accrue from phase compensation such as robustness.
We have spent a lot of efforts to solve the above shortcomings using the mechanical controller concept, which has been successfully used in motorcycle steering Evangelou et al. [2007] . In Graham et al. [2011a] and Graham et al. [2011b] we developed a simple sectional model with controllable leading-and trailing-edge flaps, which represents both the structural and aerodynamic properties of a long-span suspension bridge. This model ignores the mass and moments of inertia of the flaps, and uses the flap angles as control inputs. The key finding is that the critical wind speeds for flutter and torsional divergence of the sectional model can be greatly increased, with good stability robustness, through passive feedback control. We used the Akashi-Kaikyo Bridge as our working example and show that the critical wind speed can be increased to 80 m/s (from 52 m/s) with good robust stability margins. The use of static winglets has already been suggested in the literature del Arco and Aparicio [1999] . The results presented in del Arco and Aparicio [1999] are based on the unrealistic assumption that the winglets and main deck are aerodynamically independent. Our results in Graham et al. [2011a] and Graham et al. [2011b] , which take account of this aerodynamic interaction, show that static winglets are ineffective in increasing the critical wind speed relating to torsional divergence instability. For that reason alternative approaches to this problem are still required.
In Limebeer et al. [2011] we used a sectional model with a controllable trailing-edge flap to demonstrate the use of feedback for buffet suppression. In this study we use the von Kármán turbulence spectrum to generate vertical wind gust turbulence that acts on the bridge deck causing buffet response. The system used in Limebeer et al. [2011] controls the torque acting on the trailing-edge flap and is responsive to deck movements. We show that a control system realized by a mechanical network can substantially improve the critical flutter speed, while simultaneously suppressing the buffeting response of the bridge structure.
All the results obtained so far depend on the wind direction. In the present paper we develop an extended model that includes leading-and trailing-edge flaps with their inertial effects. On the basis of this model we conduct controller design studies for flutter suppression that include identical mechanical controllers for each flap. We show that this symmetrization of the control system makes it insensitive to wind direction.
The structural and aerodynamic components of the model used in the paper are presented in Section 2. A mechanical network for flaps feedback control is described in Section 3.
The main results are given in Section 4, where the properties of the Akashi-Kaikyo bridge and flutter controller optimization problems are described.
DYNAMIC MODEL
In this section we derive the structural model and aerodynamic model of the suspended-span bridge section to be used in the paper.
Structural Model
We will now derive the structural model for the suspendedspan bridge section with controllable flaps, whose kinematics are illustrated in Fig. 2 . The deck's pitch angle α, heave h and the leading-and trailing-edge flap angles β and γ are the generalized coordinates. By using the standard laws of classical mechanics, one obtains the following equations of motion: We suppose also that
γ , in which ω h , ω α , ω β and ω γ are the undamped natural frequencies of the heave mode, the pitch mode, and the leading-and trailing-edge flap modes. The static moments and moments of inertia are given by:
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Aerodynamic Model
The aerodynamic model is based on that given in Theodorsen and Garrick [1942] , which considers a wingflap-tab combination. Using the transformation given in Fig. 3 (see Graham et al. [2011a] for an expanded treatment of these details), and setting a, l, m in (22)- (25) of Theodorsen and Garrick [1942] to zero, we can find the aerodynamic force L and moment M acting on the whole bridge assembly, and the aerodynamic moments M β and M γ acting on the leading-and trailing-edge flaps in (1)-(4); see (5)- (9) -the functions T i (·) and Y i (·, ·) are defined in Theodorsen and Garrick [1942] . Note that M β is derived using
The heave and pitch corrections mentioned in the caption of Fig. 3 involve replacing h by h + c l bβ, and replacing α by α − β, the first and second derivatives of h and α are adjusted similarly in (22)- (25) of Theodorsen and Garrick [1942] . This procedure has been checked in Graham et al. [2011a] against a vortex panel numerical method, which makes the thin aerofoil assumptions, and very close agreement is demonstrated.
c l bβ Fig. 3 . Transformation of the Theodorsen-Garrick wingaileron-tab configuration Theodorsen and Garrick [1942] into a bridge deck with controllable leadingand trailing-edge flaps. In (A) the angles of wing pitch, aileron and tab are α, β and γ which are positive clockwise. The wind speed U is positive to the right, the heave h is positive downwards, as is the lift L. The moments are positive clockwise. The wing chord (including flap and tab) is 2b, and the width of the aileron and tab are specified by c l and c t respectively. In (B): The wing-aileron-tab configuration is transformed into the bridge deck with controllable flaps by making c l negative Graham et al. [2011a] . Pitch and heave corrections must be applied to re-level the bridge i.e., returning its mass center to correct position.
The important Theodorsen function C(k) that appears in (5)- (9) is an irrational function of reduced frequency k = ωb/U Bisplinghoff et al. [1955] . It is given by
in which J 0 (k), J 1 (k), Y 0 (k) and Y 1 (k) are Bessel functions of the first and second kind respectively, and j = √ −1. To use classical control-theoretic means such as root-locus diagrams, we found an accurate quartic approximation of C(k) in Graham et al. [2011a] , whose numerator and denominator coefficients are given in Table 1 
Q(s) is the lift-producing signal (the relative vertical velocity of the air stream to the bridge deck). K(s)
is the controller with feedback signal Ψ. In Fig. 5 the outputs of K(s) (inputs of P (s)) are torques acting on the flaps while its inputs Ψ (outputs of P (s)) are the vertical velocity of flap pivots. Fig. 4 shows the bridge control system, which includes the structural and fluid dynamics as well as the control system. P (s) is the uncontrolled open-loop system including the non-circulatory fluid mechanics and the structural dynamics. C(s) is the Theodorsen function approximation which contains the circulatory fluid dynamics.
is the controller which operates the leading-and trailingedge flaps. 
where
trailing-edge flap angles respectively. M β and M γ the aerodynamic moments acting on the leading-and trailingedge flaps respectively. The control system has two pinions that are mounted on the bridge deck and attached to the flaps. There are also two racks with one ends attached to flaps and the other ends linked to the passive mechanical controllers which are attached to the inertial reference frame and have admittances Y l (s) and Y t (s). The inputs and outputs of Y l (s), Y t (s) and K(s) of Fig. 4 are the vertical velocity of the flap pivots and torques acting on the flaps respectively. As the deck moves, Y l (s) and Y t (s) drive the leading-and trailing-edge flaps through rackand-pinion connection. A similar controller is suggested in Limebeer et al. [2011] to actuate a trailing-edge flap.
The network through-variable associated with K γ (s) is the force F t (s), while its across-variable isḣ + c t bα − rγ. Thus
Similarly we derive that
and
The control system in Fig. 5 is insensitive of the wind direction if we let Y l (s) = Y t (s). We omit the proof here because of page limit, but it will be given in the journal version of this paper. longest central span in the world. The parameter values for the bridge Omenzetter et al. [2000b] and example flaps are given in Table 2 in which d β (d γ ) and ρ β (ρ γ ) are the average thickness and density respectively of the flap. These parameters will be used in the structure model (1)-(4) and aerodynamic model (5) 
respectively, similarly for m β and J β of the leading-edge flap. The flaps and bridge deck are treated as aerodynamically 'thin'. The flap resonant frequencies ω β and ω γ are chosen such that they will not decrease the critical wind speeds for flutter and torsional divergence in the absence of the controllers. 
where G i (s, p) are open-loop multi-variable transfer functions corresponding to wind speeds U i i = 1, . . . , n, which can be obtained by opening the feedback loop at Ψ in Fig. 4 . · ∞ is the infinity norm Green and Limebeer [1995] ; s is the Laplace transform variable while p is a parameter set including the parameters of the compensators, the flap chords as well as the pinion radius r. The index (11) corresponds to the closed-loop stability robustness to multiplicative perturbations Green and Limebeer [1995] , which is optimized using the MATLAB's sequential quadratic programming algorithm FMINCON The Mathworks Inc.
[2000].
We set three constraints for (11) to ensure that the optimization problem is properly posed. The first constraint is system stability for which we constrain the real parts of all the closed-loop eigenvalues to be negative. The second constraint is the passivity of the compensators Y l (s) and Y t (s), by imposing a positive-real constraint on the coefficients of the compensators Anderson and Vongpanitlerd [1973] . This constraint allows compensators to be synthesized using passive mechanical components (dampers, springs and inerters) Smith [2002] . The third constraint is the width of flap chord which is set to be positive and less than 2 meters here.
We first assume the compensators were be a first-order passive network of the form:
in which k, z 0 and p 0 are constrained to be non-negative to ensure passivity. In the optimization process, we consider the wind speeds to be from 4 m/s to 69 m/s in steps of 5 m/s. By the optimization calculation, we get k = 20936.0141, z 0 = 1.2639, p 0 = 0.2687, r = 0.4868, with optimal flap chords of 1.5579 m. In this case the index given in (11) equals to 1.4937. Apparently this is a lag compensator. A physical realization of Y (s) is given in Fig. 7 . It is easy to check that We also conducted a further design study using secondorder passive compensators, but the improvement of robust performance over the first-order compensator above was marginal.
CONCLUSIONS
In this paper we greatly improved the critical flutter speed of a suspended-span bridge section using controlled flaps operated by a mechanical control system with good robustness. The control system is independent to wind speed. The buffeting suppression problem will be treated in the journal version of this paper. This paper makes the assumption that the grounded sides of the compensation networks Y l (s) and Y t (s) are connected to stationary points in an inertial reference frame. However, in some cases, it might be necessary to make use of compensation network anchor points that are attached to a large, but compliant structure. The effect of flexible mounting arrangements for a trailing-edge mechanical controller have been considered in Limebeer et al. [2011] and these adjustments may be applied here too.
